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บทคัดย่อ 
 

  ในบทความวจิยันี ้เราได้ก าหนดสจัพจน์การแยกส าหรับปริภมูิเชิงทอพอโลยีแบบเรียบสามญั พร้อมทัง้ศกึษา
ลกัษณะเฉพาะของปริภมูเิชิงทอพอโลยีแบบเรียบสามญัซึง่สอดคล้องกบัสจัพจน์ที่ก าหนด 
 
ค าส าคัญ : ปริภมูิเชิงทอพอโลยีแบบเรียบสามญั   ปริภมูิยอ่ยแบบเรียบสามญั   สจัพจน์การแยก   ฟังก์ชนัตอ่เนื่อง 
                  ฟังก์ชนัสมานสณัฐาน 
 

Abstract 
 In this paper, we determine some type of the separation axioms of ordinary smooth topological spaces 
and we also study some properties of ordinary smooth topological spaces which are introduced by our axioms. 
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Introduction  
The concepts of ordinary smooth topology on a non-empty set 𝑋 was first introduced by Pyung, Byeong, 

and Kul in (Pyung, Byeong & Kul, 2012) as a mapping  𝜏: 2
𝑋

→ 𝐼 with the properties. 
(i) 𝜏(𝑋) =  𝜏(∅) = 1, 
(ii) 𝜏(𝐴 ∩ 𝐵) ≥  𝜏(𝐴) ∧  𝜏(𝐵)  for all 𝐴, 𝐵 ∈ 2𝑋, 
(iii) 𝜏(⋃ 𝐴𝛼𝛼∈Γ ) ≥  ⋀ 𝜏(𝐴𝛼)𝛼∈Γ   for all {𝐴𝛼} ⊆ 2𝑋 

where 2𝑋 is the power set of 𝑋 and 𝐼 be the closed interval [0, 1]. The pair (𝑋, 𝜏) is called an ordinary smooth 
topological space (briefly, osts). The closure subsets, the interior subsets and compactness of an ordinary 
smooth topological spaces were studied in (Jeong, Pyung & Kul, 2013) and (Pyung, Byeong & Kul, 2012). 

In this paper, we have to define the axioms which can be classed in the  classes of ordinary smooth 
topological spaces. 

The operators on 𝑋 which induced by the ordinary smooth topologies 𝜏 are defined as follows. 
Definition 1. (Jeong, Pyung & Kul, 2013) Let (𝑋, 𝜏) be an osts and let  𝐴 ∈ 2𝑋. Then ordinary smooth closure and 
ordinary smooth interior of 𝐴 in 𝑋 are defined by 

�̅� = ⋂{𝐹 ∈ 2𝑋 ∶ 𝐴 ⊆ 𝐹 and 𝜏(𝐹𝑐) > 0} and 
𝐴∘ = ⋃{𝑈 ∈ 2𝑋 ∶ 𝑈 ⊆ 𝐴 and 𝜏(𝑈) > 0}, respectively. 

In (Pyung, Byeong & Kul, 2012), it the morphisms of ordinary smooth topological spaces is defined as 
follows. 
Definition 2. (Pyung, Byeong & Kul, 2012) Let 𝜏1 ∈ 𝑂𝑆𝑇(𝑋) and let 𝜏2 ∈ 𝑂𝑆𝑇(𝑌). Then a mapping 𝑓: 𝑋 ⟶ 𝑌 is 
said to be ordinary smooth continuous (resp. ordinary smooth open and ordinary smooth closed ) if 𝜏2(𝐴) ≤

𝜏1(𝑓−1(𝐴)), (resp. 𝜏1(𝐴) ≤ 𝜏2(𝑓(𝐴)), 𝜏1(𝐴) ≤ 𝜏2(𝑓(𝐴)) ) for all 𝐴 ∈ 2𝑌(resp. for all 𝐴 ∈ 2𝑋). A mapping 𝑓 is said 
to be ordinary smooth homeomorphism if 𝑓 is a bijective and ordinary smooth continuous and 𝑓−1 is an ordinary 
smooth continuous. 
 
Main Results 

In this section, we will introduce the notions of 𝑂𝑇0, 𝑂𝑇1 and 𝑂𝑇2-spaces and investigate some of their 
properties. 

For an osts (𝑋, 𝜏), define the family 𝑆(𝜏) = {𝐴 ∈ 2𝑋 ∶ 𝜏(𝐴) > 0} and 𝑆(𝜏) will be called the support of 𝜏. 
Definition 3. Let (𝑋, 𝜏) be ordinary smooth topological space. Then 𝑂𝑇0, 𝑂𝑇1 and 𝑂𝑇2-spaces are defined as 
follows: 

(i) 𝑂𝑇0-space if and only if for each 𝑥, 𝑦 ∈ 𝑋 with 𝑥 ≠ 𝑦, there exists 𝑈 ∈ 𝑆(𝜏) such that either 𝑥 ∈ 𝑈 and 
𝑦 ∉ 𝑈  or 𝑦 ∈ 𝑈 and 𝑥 ∉ 𝑈. 
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(ii) 𝑂𝑇1-space if and only if for each 𝑥, 𝑦 ∈ 𝑋 with 𝑥 ≠ 𝑦, there exist 𝑈, 𝑉 ∈ 𝑆(𝜏)  such that 𝑥 ∈ 𝑈, 𝑦 ∉ 𝑈 
and 𝑦 ∈ 𝑉, 𝑥 ∉ 𝑉. 

(iii) 𝑂𝑇2-space if and only if for each 𝑥, 𝑦 ∈ 𝑋 with 𝑥 ≠ 𝑦, there exist 𝑈, 𝑉 ∈ 𝑆(𝜏) such that 𝑥 ∈ 𝑈, 𝑦 ∈ 𝑉 and 
𝑈 ∩ 𝑉 = ∅. 

Example 4. Let 𝑋 = {1,2} and we define a mapping 𝜏: 2𝑋 → 𝐼 as follows: 
    𝜏(𝑋) = 𝜏(∅) = 1, 𝜏({1}) = 0.5 and 𝜏({2}) = 0. 

Clearly, (𝑋, 𝜏) is an osts. Then (𝑋, 𝜏) is an 𝑂𝑇0-space, since {1} ∈ 𝑆(𝜏), 1 ∈ {1} and 1 ∉ {2}. 
Example 5. Let 𝑋 be infinite set. We define a mapping 𝜏: 2𝑋 → 𝐼 as follows: 

 𝜏(𝐴) = {
1,   if 𝐴 = 0 𝑜𝑟 𝐴𝑐 is finite,
0,   otherwise,                       

 
 for each 𝐴 ∈ 2𝑋. 
Clearly, (𝑋, 𝜏) is an osts. Let consider 𝑥, 𝑦 ∈ 𝑋 with 𝑥 ≠ 𝑦. Since 𝑦 ∉ {𝑥}, 𝑦 ∈ 𝑋\{𝑥} and 𝑋\{𝑥} ∈ 𝑆(𝜏). Similarly, 
𝑥 ∉ {𝑦}, 𝑥 ∈ 𝑋\{𝑦} and 𝑋\{𝑦} ∈ 𝑆(𝜏). It follows that (𝑋, 𝜏) is a 𝑂𝑇1-space. 
Example 6. Let 𝑋 be a nonempty set. We define a mapping 𝜏: 2𝑋 → 𝐼 as follows: 

 𝜏(𝐴) = 1,  for each 𝐴 ∈ 2𝑋. 
Then pair (𝑋, 𝜏) is called an ordinary smooth discrete topological space on 𝑋. For each 𝑥, 𝑦 ∈ 𝑋 with 𝑥 ≠ 𝑦. 
Since 𝜏({𝑥}) = 1 and 𝜏({𝑦}) = 1,  {𝑥}, {𝑦} ∈ 𝑆(𝜏) and {𝑥} ∩ {𝑦} = ∅. Therefore (𝑋, 𝜏) is a 𝑂𝑇2-space. 
Remark 7. If an osts (𝑋, 𝜏) is a 𝑂𝑇1-space (resp. 𝑂𝑇2-space), then (𝑋, 𝜏) is a 𝑂𝑇0-space (resp. 𝑂𝑇1-space). 

The converse of remark 7. is not true, for instance (𝑋, 𝜏) in Example 4 (example 5). 
The following results therefore follows directly from the definition of ordinary smooth closure. 

Lemma 8. ((Jeong, Pyung & Kul, 2013), Proposition 3.2 (i) and Proposition 3.6 (b)) Let (𝑋, 𝜏) be an osts and let 
𝐴, 𝐵 ∈ 2𝑋 

(i) If 𝐴 ⊆ 𝐵, then �̅� ⊆ �̅�. 
(ii) If 𝜏(𝐴𝑐) > 0, then 𝐴 = �̅�. 

On we gives a very simple characterization of 𝑂𝑇0 and 𝑂𝑇1-spaces.  
Theorem 9. An osts (𝑋, 𝜏) is a 𝑂𝑇0-space if and only if for every 𝑥, 𝑦 ∈ 𝑋 such that 𝑥 ≠ 𝑦, we have {𝑥}̅̅ ̅̅ ≠ {𝑦}̅̅ ̅̅ . 
Proof. Suppose that (𝑋, 𝜏) is an 𝑂𝑇0-space and let 𝑥, 𝑦 ∈ 𝑋 such that 𝑥 ≠ 𝑦. By assumption we may assume that 
there exists 𝑈 ∈ 𝑆(𝜏) such that 𝑥 ∈ 𝑈, 𝑦 ∉ 𝑈. Since {𝑦} ⊆ 𝑋\𝑈 and 𝜏(𝑈) > 0, By Lemma 8. (i) and (ii), we get 
{𝑦}̅̅ ̅̅ ⊆ 𝑋\𝑈. But {𝑥} ⊈ 𝑋\𝑈. Therefore {𝑥}̅̅ ̅̅ ≠ {𝑦}̅̅ ̅̅ . 

Conversely, assume that {𝑥}̅̅ ̅̅ ≠ {𝑦}̅̅ ̅̅  for all 𝑥, 𝑦 ∈ 𝑋 such that 𝑥 ≠ 𝑦. We will show that (𝑋, 𝜏) is a 𝑂𝑇0-
space. By assumption, we may assume that 𝑥 ∉ {𝑦}̅̅ ̅̅ . Then there exists 𝐹 ∈ 2𝑋 such that {𝑦} ⊆ 𝐹, 𝜏(𝐹𝑐) > 0 and 
𝑥 ∉ 𝐹. Let 𝑈 = 𝐹𝑐 . Since 𝑥 ∉ 𝐹 and 𝑦 ∈ 𝐹, 𝑥 ∈ 𝑈 and 𝑦 ∉ 𝑈. Therefore (𝑋, 𝜏) is a 𝑂𝑇0-space. 
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Theorem 10. An osts (𝑋, 𝜏) is a 𝑂𝑇1-space if and only if {𝑥}̅̅ ̅̅ = {𝑥} for every 𝑥 ∈ 𝑋. 
Proof. Assume that (𝑋, 𝜏) is a 𝑂𝑇1-space. We will show that {𝑥}̅̅ ̅̅ = {𝑥}. Suppose that {𝑥}̅̅ ̅̅ \{𝑥} ≠ ∅. Then there 
exists 𝑦 ∈  {𝑥}̅̅ ̅̅ \{𝑥}. Since (𝑋, 𝜏) is a 𝑂𝑇1-space, there exists 𝑈𝑦 ∈ 𝑆(𝜏) such that 𝑦 ∈ 𝑈𝑦 and  𝑥 ∉ 𝑈𝑦, so 𝑦 ∉

(𝑈𝑦)𝑐 and {𝑥} ⊆ (𝑈𝑦)𝑐. But 𝑦 ∈  {𝑥}̅̅ ̅̅ , we have 𝑦 ∈ 𝐹 for all 𝐹 such that {𝑥} ⊆ 𝐹 and 𝐹𝑐 ∈ 𝑆(𝜏). Since {𝑥} ⊆ (𝑈𝑦)𝑐 
and 𝑈𝑦 ∈ 𝑆(𝜏), 𝑦 ∈ (𝑈𝑦)𝑐. This is a contradiction. Thus {𝑥}̅̅ ̅̅ \{𝑥} = ∅. Hence {𝑥}̅̅ ̅̅ = {𝑥}. 

Conversely, suppose that {𝑥}̅̅ ̅̅ = {𝑥} for all 𝑥 ∈ 𝑋. We will show that (𝑋, 𝜏) is a 𝑂𝑇1-space. Let 𝑥, 𝑦 ∈ 𝑋 
such that 𝑥 ≠ 𝑦. By assumption we have that 𝑥 ∈ 𝑋\{𝑦}̅̅ ̅̅ , 𝑦 ∈ 𝑋\{𝑥}̅̅ ̅̅ , 𝑥 ∉ {𝑦}̅̅ ̅̅  and 𝑦 ∉ {𝑥}̅̅ ̅̅ . There exist 𝐹1, 𝐹2 ∈ 2𝑋 
such that {𝑦} ⊆ 𝐹1, {𝑥} ⊆ 𝐹2, 𝜏(𝐹1

𝑐) > 0, 𝜏(𝐹2
𝑐) > 0 and 𝑥 ∉ 𝐹1, 𝑦 ∉ 𝐹2. Let 𝑈1 = 𝐹1

𝑐 and 𝑈2 = 𝐹2
𝑐. Then 𝑦 ∈

𝑈1, 𝑥 ∉ 𝑈1 and 𝑥 ∈ 𝑈2, 𝑦 ∉ 𝑈2 where 𝑈1, 𝑈2 ∈ 𝑆(𝜏). Therefore (𝑋, 𝜏) is a 𝑂𝑇1-space. 
The next theorem, we gives the characterization of 𝑂𝑇2-spaces. 

Theorem 11. Let (𝑋, 𝜏) be an osts. Then the following conditions are equivalent: 
(i) (𝑋, 𝜏) is an 𝑂𝑇2-space. 
(ii) Let 𝑝 ∈ 𝑋 for 𝑞 ≠ 𝑝 there exists 𝑈 ∈ 𝑆(𝜏), 𝑝 ∈ 𝑈 such that 𝑞 ∉ 𝑈. 
(iii) For each 𝑝 ∈ 𝑋, ∩ {𝑈 ∶ 𝑈 ∈ 𝑆(𝜏), 𝑝 ∈ 𝑈} = {𝑝}. 

Proof. (i) ⟹ (ii) Let 𝑝, 𝑞 ∈ 𝑋 with 𝑞 ≠ 𝑝. Since (𝑋, 𝜏) is an 𝑂𝑇2-space, there exist 𝑈, 𝑉 ∈ 𝑆(𝜏) such that 𝑝 ∈ 𝑈, 𝑞 ∈

𝑉 and 𝑈 ∩ 𝑉 = ∅. Thus 𝑈 ⊆ 𝑋\𝑉. By Lemma 8. (i) and (ii),  we have 𝑈 ⊆  𝑋\𝑉̅̅ ̅̅ ̅̅  and 𝑋\𝑉̅̅ ̅̅ ̅̅ = 𝑋\𝑉. Since 𝑞 ∈ 𝑉, 
then 𝑞 ∉ 𝑋\𝑉. Hence 𝑞 ∉ 𝑈. 
(ii) ⟹ (iii) Let 𝑝 ∈ 𝑋. We will show that ∩ {�̅� ∶ 𝑈 ∈ 𝑆(𝜏), 𝑝 ∈ 𝑈} = {𝑝}. Clearly, {𝑝} ⊆ ∩ {𝑈 ∶ 𝑈 ∈ 𝑆(𝜏), 𝑝 ∈ 𝑈}. 
Sufficient to prove that ∩ {𝑈 ∶ 𝑈 ∈ 𝑆(𝜏), 𝑝 ∈ 𝑈} ⊆  {𝑝}. Let 𝑞 ∈ 𝑋 with 𝑞 ≠ 𝑝. Then 𝑞 ∉ {𝑝}. By (ii), there exist 
𝑈1 ∈ 𝑆(𝜏), 𝑝 ∈ 𝑈1 such that 𝑞 ∉ 𝑈1

̅̅ ̅. Then 𝑞 ∉∩ {𝑈 ∶ 𝑈 ∈ 𝑆(𝜏), 𝑝 ∈ 𝑈}. Hence ∩ {𝑈 ∶ 𝑈 ∈ 𝑆(𝜏), 𝑝 ∈ 𝑈} ⊆  {𝑝}. 
Therefore ∩ {𝑈 ∶ 𝑈 ∈ 𝑆(𝜏), 𝑝 ∈ 𝑈} =  {𝑝}. 
(iii) ⟹ (i) Assume that {𝑝} = ∩ {𝑈 ∶ 𝑈 ∈ 𝑆(𝜏), 𝑝 ∈ 𝑈}. Let 𝑝, 𝑞 ∈ 𝑋 with 𝑞 ≠ 𝑝, then 𝑞 ∉ {𝑝} = ∩

{𝑈 ∶ 𝑈 ∈ 𝑆(𝜏), 𝑝 ∈ 𝑈}. Then there exists 𝑈1 ∈ 𝑆(𝜏) such that 𝑝 ∈ 𝑈1 and 𝑞 ∉ 𝑈1
̅̅ ̅. Since 𝑈1

̅̅ ̅ =∩ {𝑉 ∈ 2𝑋 ∶ 𝑈1 ⊆ 𝑉 

and 𝜏(𝑉𝑐) > 0}, there exists 𝑉 ∈ 2𝑋 such that 𝑈1 ⊆ 𝑉 , 𝜏(𝑉𝑐) > 0 and 𝑞 ∉ 𝑉. Let 𝐾 = 𝑉𝑐. Since 𝑞 ∉ 𝑉,  𝑞 ∈

𝑉𝑐 = 𝐾. Next, we will show that 𝐾 ∈ 𝑆(𝜏). Since 𝐾 = 𝑉𝑐,  𝜏(𝐾) > 0. Hence 𝐾 ∈ 𝑆(𝜏). Next, to show that 𝐾 ∩

𝑈1 = ∅. Since 𝑉 ∩ 𝑉𝑐 = ∅ and 𝑈1 ⊆ 𝑉.  𝐾 ∩ 𝑈1 = ∅. Hence (𝑋, 𝜏) is a 𝑂𝑇2-space. 
The following results therefore follows directly from the Proposition 5.1.(Pyung, Byeong & Kul, 2012) of 

ordinary smooth subspace. 
 Lemma 12. (Pyung, Byeong & Kul, 2012) Proposition 5.1.) Let (𝑋, 𝜏) be an osts and let 𝐴 ⊆ 𝑋. We define a 
mapping 𝜏𝐴: 2𝐴 ⟶ 𝐼 as follows. For each 𝐵 ∈ 2𝐴, 

 𝜏𝐴(𝐵) = ⋁{ 𝜏(𝐶) ∶ 𝐶 ∈ 2𝑋  and 𝐶 ∩ 𝐴 = 𝐵}. 
Then  𝜏𝐴 ∈ 𝑂𝑆𝑇(𝐴) and 𝜏(𝐵) ≥  𝜏𝐴(𝐵). In this case, (𝐴,  𝜏𝐴) is called an ordinary smooth subspace of (𝑋, 𝜏) and 
 𝜏𝐴 is called the induced ordinary smooth topology on 𝐴 by 𝜏. 
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For the subspaces of 𝑂𝑇0, 𝑂𝑇1 and 𝑂𝑇2-spaces,  we have the following results. 

Proposition 13. Every subspace of 𝑂𝑇2-spaces (resp. 𝑂𝑇0, 𝑂𝑇1-spaces) is also 𝑂𝑇2-spaces (resp. 𝑂𝑇0, 𝑂𝑇1-
spaces). 
Proof. Let (𝑋, 𝜏) be an 𝑂𝑇2-space, let (𝐴,  𝜏𝐴) be an ordinary smooth subspace of (𝑋, 𝜏). For any 𝑎1, 𝑎2 ∈ 𝐴 such 
that 𝑎1 ≠ 𝑎2. Since (𝑋, 𝜏) is a 𝑂𝑇2-space, we may assume that there exist 𝑈, 𝑉 ∈ 𝑆(𝜏) such that 𝑎1 ∈ 𝑈, 𝑎2 ∈ 𝑉 
and 𝑈 ∩ 𝑉 = ∅. Let 𝐵 = 𝑈 ∩ 𝐴 and 𝐶 = 𝑉 ∩ 𝐴. Then, 

 𝜏𝐴(𝐵) = ⋁{ 𝜏(𝑈) ∶ 𝑈 ∈ 2𝑋 and 𝑈 ∩ 𝐴 = 𝐵} 
                                                                    ≥ 𝜏(𝑈) 
                                                                                               > 0. 
Similarly,  𝜏𝐴(𝐶) > 0. Clearly, 𝐵 ∩ 𝐶 = ∅. So 𝐵, 𝐶 ∈ 𝑆( 𝜏𝐴) such that 𝑎1 ∈ 𝐵, 𝑎2 ∈ 𝐶. Hence (𝐴,  𝜏𝐴) is a 𝑂𝑇2-
space. 

The following results therefore follows directly from the Definition 3.10. (Pyung, Byeong & Kul, 2012) of 
ordinary smooth homeomorphism. 
Lemma 14.( (Pyung, Byeong & Kul, 2012) Theorem 3.11.) Let (𝑋,  𝜏1) and (𝑌,  𝜏2) be two osts and let 𝑓: 𝑋 → 𝑌 be 
a mapping. Then the following are equivalent: 

(i) 𝑓 is an ordinary smooth homeomorphism. 
(ii) 𝑓 is ordinary smooth open and ordinary smooth continuous. 
(iii) 𝑓 is ordinary smooth closed and ordinary smooth continuous. 

Lemma 15.( (Pyung, Byeong & Kul, 2012) Theorem 3.3. (a))  Let (𝑋,  𝜏1) and (𝑌,  𝜏2) be two osts and let 𝑓: 𝑋 → 𝑌 
is said to be ordinary smooth continuous if  𝜏2(𝐴𝑐) ≤  𝜏1(𝑓−1(𝐴)) for all 𝐴 ∈ 2𝑌. 

The following results are the properties of 𝑂𝑇0, 𝑂𝑇1 and 𝑂𝑇2-spaces under some kinds of ordinary 
smooth maps.  
Proposition 16. Let (𝑋,  𝜏1) and (𝑌,  𝜏2) be two osts and let 𝑓: 𝑋 → 𝑌 be an ordinary smooth homeomorphism. 
Then (𝑋,  𝜏1) is an 𝑂𝑇2-space (resp. 𝑂𝑇0 and 𝑂𝑇1-space) if and only if (𝑌,  𝜏2) is an 𝑂𝑇2-space (resp. 𝑂𝑇0 and 
𝑂𝑇1-space). 
Proof. Let 𝑦1, 𝑦2 ∈ 𝑌 such that 𝑦1 ≠ 𝑦2. Since 𝑓 is a bijective,  there are 𝑥1, 𝑥2 ∈ 𝑋 such that 𝑦1 = 𝑓(𝑥1), 𝑦2 =

𝑓(𝑥2), and 𝑥1 ≠ 𝑥2. Since (𝑋,  𝜏1) is an 𝑂𝑇2-space,  there exist 𝑈, 𝑉 ∈ 𝑆( 𝜏1) such that 𝑥1 ∈ 𝑈, 𝑥2 ∈ 𝑉 and 𝑈 ∩

𝑉 = ∅. Since 𝑓 is an ordinary smooth open, it follows that 
𝜏2(𝑓(𝑈)) ≥  𝜏1(𝑈) > 0 and 𝜏2(𝑓(𝑉)) ≥  𝜏1(𝑉) > 0. 

Thus 𝑓(𝑈), 𝑓(𝑉) ∈ 𝑆( 𝜏2). Since 𝑓 is a bijective,  𝑦1 ∈ 𝑓(𝑈), 𝑦2 ∈ 𝑓(𝑉) and 𝑓(𝑈) ∩ 𝑓(𝑉) = ∅. Hence (𝑌,  𝜏2) is a 
𝑂𝑇2-space. 
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Conversely, let 𝑥1, 𝑥2 ∈ 𝑋 such that 𝑥1 ≠ 𝑥2. Since 𝑓 is a bijective,  there are 𝑦1, 𝑦2 ∈ 𝑌 such that 𝑥1 =

𝑓(𝑦1), 𝑥2 = 𝑓(𝑦2), and 𝑦1 ≠ 𝑦2. Since (𝑌,  𝜏2) is a 𝑂𝑇2-space, there exist 𝑈, 𝑉 ∈ 𝑆( 𝜏2) such that 𝑦1 ∈ 𝑈, 𝑦2 ∈ 𝑉 
and 𝑈 ∩ 𝑉 = ∅. Since 𝑓 is an ordinary smooth continuous, it follows that 

𝜏1(𝑓−1(𝑈)) ≥  𝜏2(𝑈) > 0 and 𝜏1(𝑓−1(𝑉)) ≥  𝜏2(𝑉) > 0. 

Thus 𝑓−1(𝑈), 𝑓−1(𝑉) ∈ 𝑆( 𝜏1). Since 𝑓 is a bijective,  𝑥1 ∈ 𝑓
−1(𝑈), 𝑥2 ∈ 𝑓−1(𝑉) and 𝑓−1(𝑈) ∩ 𝑓−1(𝑉) = ∅. 

Hence (𝑋,  𝜏1) is an 𝑂𝑇2-space. 
Proposition 17. Let 𝑓: 𝑋 → 𝑌 be an injective, ordinary smooth continuous map with respect to the ordinary smooth 
topologies  𝜏1 and  𝜏2 respectively. If (𝑌,  𝜏2) is an 𝑂𝑇2-space (resp. 𝑂𝑇0 and 𝑂𝑇1-space),  so is a (𝑋,  𝜏1). 
Proof. Let 𝑥1, 𝑥2 ∈ 𝑋 such that 𝑥1 ≠ 𝑥2. Since 𝑓 is an injective, we have 𝑓(𝑥1) ≠  𝑓(𝑥2). Since (𝑌,  𝜏2) is an 𝑂𝑇2-
space,  there exist 𝑈, 𝑉 ∈ 𝑆( 𝜏2) such that 𝑓(𝑥1) ∈ 𝑈, 𝑓(𝑥2) ∈ 𝑉 and 𝑈 ∩ 𝑉 = ∅. Since 𝑓 is an injective and 
ordinary smooth continuous, it follows that 

𝜏1(𝑓−1(𝑈)) ≥  𝜏2(𝑈) > 0 and 𝜏1(𝑓−1(𝑉)) ≥  𝜏2(𝑉) > 0, 
𝑓−1(𝑈) ∩ 𝑓−1(𝑉) = ∅, 

𝑥1 = 𝑓−1(𝑓(𝑥1)) ∈ 𝑓−1(𝑈) and 𝑥2 = 𝑓−1(𝑓(𝑥2)) ∈ 𝑓−1(𝑉). 
So 𝑓−1(𝑈), 𝑓−1(𝑉) ∈ 𝑆( 𝜏1) such that 𝑥1 ∈ 𝑓−1(𝑈), 𝑥2 ∈ 𝑓−1(𝑉) and 𝑓−1(𝑈) ∩ 𝑓−1(𝑉) = ∅. Hence (𝑋,  𝜏1) is an 
𝑂𝑇2-space. 
Proposition 18. An osts (𝑋,  𝜏1) is an 𝑂𝑇2-space (resp. 𝑂𝑇0 and 𝑂𝑇1-space). If 𝑓: 𝑋 → 𝑌 is an injective and 
ordinary smooth open, then (𝑓(𝑋),  𝜏2𝑓(𝑋)) is an 𝑂𝑇2-space (resp. 𝑂𝑇0 and 𝑂𝑇1-space). 
Proof. Let (𝑓(𝑋),  𝜏2𝑓(𝑋)) be an ordinary smooth subspace of (𝑌,  𝜏2). For any 𝑎, 𝑏 ∈ 𝑓(𝑋) such that 𝑎 ≠ 𝑏. Since 
𝑓 is an injective,  𝑓−1(𝑎) ≠  𝑓−1(𝑏). Since (𝑋,  𝜏1) is an 𝑂𝑇2-space,  there exist 𝑈, 𝑉 ∈ 𝑆( 𝜏1) such that 𝑓−1(𝑎) ∈

𝑈, 𝑓−1(𝑏) ∈ 𝑉 and 𝑈 ∩ 𝑉 = ∅.  Since 𝑓 is an ordinary smooth open and (𝑓(𝑋),  𝜏2𝑓(𝑋)) is an ordinary smooth 
subspace of (𝑌,  𝜏2) and 𝑓(𝑈), 𝑓(𝑉) ⊆ 𝑓(𝑋),  

 𝜏2𝑓(𝑋)(𝑓(𝑈)) ≥ 𝜏2(𝑓(𝑈)) ≥  𝜏1(𝑈) > 0, 
 𝜏2𝑓(𝑋)(𝑓(𝑉)) ≥ 𝜏2(𝑓(𝑉)) ≥  𝜏1(𝑉) > 0. 

Thus 𝑓(𝑈), 𝑓(𝑉) ∈ 𝑆( 𝜏2𝑓(𝑋)). Since 𝑓 is an injective, 𝑎 ∈ 𝑓(𝑈), 𝑏 ∈ 𝑓(𝑉) and 𝑓(𝑈) ∩  𝑓(𝑉) = ∅. Hence, 
(𝑓(𝑋),  𝜏2𝑓(𝑋)) is an 𝑂𝑇2-space. 
Proposition 19. An osts (𝑌,  𝜏2) is an 𝑂𝑇2-space (resp. 𝑂𝑇0 and 𝑂𝑇1-space). If 𝑓: 𝑋 → 𝑌 is an injective and 
ordinary smooth continuous, then (𝑓−1(𝑌),  𝜏1𝑓−1(𝑋)) is an 𝑂𝑇2-space (resp. 𝑂𝑇0 and 𝑂𝑇1-space). 
Proof. Let (𝑓−1(𝑌),  𝜏1𝑓−1(𝑋)) be an ordinary smooth subspace of (𝑋,  𝜏1). For any 𝑎, 𝑏 ∈ 𝑓−1(𝑌) such that 𝑎 ≠ 𝑏. 
Since 𝑓 is an injective, 𝑓(𝑎) ≠  𝑓(𝑏). Since (𝑌,  𝜏2) is an 𝑂𝑇2-space,  there exist 𝑈, 𝑉 ∈ 𝑆( 𝜏2) such that 𝑓(𝑎) ∈

𝑈, 𝑓(𝑏) ∈ 𝑉 and 𝑈 ∩ 𝑉 = ∅. Since 𝑓 is an ordinary smooth continuous and (𝑓−1(𝑌),  𝜏1𝑓−1(𝑋)) is an ordinary 
smooth subspace of (𝑋,  𝜏1) and 𝑓−1(𝑈), 𝑓−1(𝑉) ⊆ 𝑋,  
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 𝜏1𝑓−1(𝑌)(𝑓−1(𝑈)) ≥ 𝜏1(𝑓−1(𝑈)) ≥  𝜏2(𝑈) > 0, 
𝜏1𝑓−1(𝑌)(𝑓−1(𝑉)) ≥ 𝜏1(𝑓−1(𝑉)) ≥  𝜏2(𝑉) > 0. 

Thus 𝑓−1(𝑈), 𝑓−1(𝑉) ∈ 𝑆(𝜏1𝑓−1(𝑌)). Since 𝑓 is an injective,  𝑎 ∈ 𝑓−1(𝑈), 𝑏 ∈ 𝑓−1(𝑉) 
and 𝑓−1(𝑈) ∩  𝑓−1(𝑉)∅. Hence (𝑓−1(𝑌),  𝜏1𝑓−1(𝑋)) is an 𝑂𝑇2-space. 
 
Conclusions  

The following diagram illustrates the relationship between the spaces discussed in this section. 
 

𝑂𝑇0-spaces  ⟵  𝑂𝑇1-spaces  ⟵  𝑂𝑇2-spaces 
 

Even though, I have found several properties as of the spaces presented in this paper, there are several 
questions yet to be answered and it may be worth investigating in future studies. I formulate the questions as 
follows: 

1.  Are there another properties of the 𝑂𝑇0, 𝑂𝑇1 and 𝑂𝑇2-spaces  ? 
2.  Are there another properties of other types of separation axioms on the ordinary smooth topological 

space? 
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