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Abstract
In this article, the concepts of boundary sets, exterior sets and dense sets in bi-weak structure spaces are
introduced. Some properties of their sets are obtained. In particular, some characterizations of closed sets in bi-

weak structure spaces using boundary sets or exterior sets are obtained.
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Introduction

The notion of bitopological spaces, which consists of a set and two topologies, and some separation axioms in
a bitopological space were introduced by Kelly (1963). Later, Popa and Noiri (2000), studied the concept of minimal
structures. Csa’sza’r (2002, 2011), introduced the notions of generalized topologies and weak structures. These
structures are generalizations of topologies. Next, the concepts of bigeneralized topological spaces and biminimal
structure spaces were introduced by Boonpok (2010). Later, Sompong (2011), studied some properties of boundary
sets and exterior sets in biminimal structure spaces, respectively. Moreover, Sompong (2012), studied some
properties of dense sets in biminimal structure spaces. Recently, Puiwong et al., (2017), introduced the concept of
bi-weak structure spaces or briefly bi-w spaces and studied the properties of closed sets and some separation
axioms in bi-weak structure spaces.

In this article, we will extend the concepts of boundary sets, exterior sets and dense sets in bi-weak structure

spaces and study some fundamental of their properties.

Methods

In this research, we shall use the methods of proof in mathematics and the basic concepts of weak structures
and bi-weak structure spaces. Now, we recall about some properties of weak structures and bi-weak structure
spaces.
Definition 2.1. [Csa’sza’r (2011)]. Let X be a nonempty set and P(X) the power set of X. A subfamily w of P(X) is
called a weak structure (briefly WS) on X if @ € w.

By (X, w) we denote a nonempty set X with a WS w on X and it is called a w-space. The elements of w are
called w-open sets and the complements are called w-closed sets.

Let w be a weak structure on X and A € X, the w-closure of A, denoted by ¢, (4) and w-interior of A, denoted
by i, (A). We define ¢, (4) as the intersection of all w-closed sets containing 4 and i), (A) as the union of all w-
open subsets of A.
Theorem 2.2. [Csa’sza’r (2011)]. Let w be a WS on X and A,B € X. Then

1. ACc,(4)andi,(A) C 4;
If A € B, then ¢, (4) € ¢, (B) and i, (4) < i,,(B);
cw(cw(4)) = ¢y (4) and iy, (i, (4)) = iy (A);
¢y (X\A) = X\i,,(4) and i, (X\A4) = X\c,, (4);
x €i,(A) ifand only if there is a w-open set V such that x € V € A4;

x € ¢, (4) ifand only if V N A # @ for any w-open set V containing;

N o M N

IfA €w,then A =i,(A). And if A is w-closed, then A = ¢, (4).
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Definition 2.3. [Puiwong et al., (2017)]. Let X be a nonempty set and w?, w? be two weak structures on X. A triple
(X, wl,w?) is called a bi-weak structure space (briefly bi-w space).

Let (X,wl,wz) be a bi-w space and A be a subset of X. The w-closure and w-interior of A with respect to wt
are denoted by c,i(4) and i,,:(A) where i € {1,2}.
Definition 2.4. [Puiwong et al., (2017)]. A subset A of a bi-w space (X, w!,w?) is call closed if
A = c,1(c,2(A4)). The complement of a closed set is called open.
Remark In this paper, we shall call closed and open in a bi-w space that bi-w-closed and bi-w-open, respectively.
Theorem 2.5. [Puiwong et al., (2017)]. Let (X, w, w?) be a bi-w space and 4 be a subset of X. Then the following
are equivalent:

1. A is bi-w-closed;

2.A=c,1(4) and A = c,2(4);

3. A =c,2(c,1(4)).
Proposition 2.6. [Puiwong et al., (2017)]. Let (X, w!,w?) be a bi-w space and A € X. If A is both w-closed respect
to w! and w?, then 4 is a bi-w-closed set in the bi-w space (X, w!, w?).
Proposition 2.7. [Puiwong et al., (2017)]. Let (X, w',w?) be a bi-w space. If A, is bi-w-closed for all @ € A # @,
then Ngep A, is bi-w-closed.
Proposition 2.8. [Puiwong et al., (2017)]. Let (X, w!,w?) be a bi-w space. If 4, is bi-w-openforall @ € A # @, then
Ugen 4¢ is bi-w-open.
Theorem 2.9. [Puiwong et al., (2017)]. Let (X, w, w?) be a bi-w space and A be a subset of X. Then the following
are equivalent:

1. A is bi-w-open;

2. A =iy (iy2(A));

3.A=1i,1(A) and A = i,z2(4);

4.4 =1i,2(i,1(4).

Results
In this section, we introduce the concepts of boundary sets, exterior sets and dense sets in bi-weak structure
spaces and study some fundamental of their properties. Next, let i, j € {1, 2} be such that i # j.

3.1 Boundary sets in bi-weak structure spaces

Definition 3.1.1. Let (X,w',w?) be a bi-w space, A be a subset of X and x € X. We called x is a w'w/-boundary

pointof A if x € c,i(c,,i(A)) N c,i(c,(X\A)). We denote the set of all w'w’-boundary points of A by wBdr;;(A).
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Remark From the above definition, it is easy to verify that wBdr;;(A) = c,,i(c,,i(A)) N c,i(c,i(X\A)).
Example 3.1.2. Let X = {1,2,3}. Define weak structures w! and w? on X as follows: w! = {@, {1}, {2,3}} and
w? = {@,{3},{1,2}}. Hence wBdr,({1}) = X and wBdr,, ({1}) = {1,2}.
Lemma 3.1.3. Let (X,w',w?) be a bi-w space and A be a subset of X. Then wBdr;;(X\A) = wBdr;;(A).
Proof. Since  wBdr;j(X\A) = c,,i(c,,i(X\A)) nc,i(c,i(X(X\A))) and  wBdr;(4) = c,i(c,i(A)N
c,i(c,i(X\A4)), wBdr;j(X\A) = wBdr;;(A).
Theorem 3.1.4. Let (X,w!,w?) be a bi-w space and A € X. Then the following statements hold;

1. wBdr;;(A) = c,i(c,,i (A)\i,, (i, (A));

2. wBdr;;(A) ni,i(i,i(A) = @;

3. wBdry;(4) Ni (i, (X\A)) = 0;

4. €yi(Cyi(A)) = WBdrj (4) U i,i(iyy s (A)
X =i,i(i,i(A) UwBdr;(A) Ui,i(i,;(X\A)) is a pairwise disjoint union;

IS

Proof.

1. wBdr;; (4) = c,i(c,i(A)) Nnc,i(c,i(X\A)
= c,i(c,i(A) Nnc,i(X\i,i(4)
=c,i(c,i(A) N X\i,i(i,i(4)
= €041 (A)\iyyi (s (4).

2. From 1., we obtain that

wBdr;j(A) ni,i(i,;(A) = [c,i(c,,i (AN, (i, (A)] Ni,,i(Q,i (A) = .

3. wBdri;(A) N i,,:1(0,; (X\A)) = [c,,i(c,i(A) N c,i(c, X\A] N i, (X\A))
= c,,i(c,i(A)) N ¢, i(c,i (X\A)) N (X\c,i(c,i(A))
= Q.

4. wBdry;(A) U i,i(i,,i (A)) = [c,i(c,i (A\iyi (i, i (A U i,i(Q,,i (A))
= ¢,i(c,i(A) U i,i(i,i4)
= c,i(c,,i(A)).

5. i,i(i,i(A) UwBdr;(A) U i,i(i,;(X\A)) = c,i(c,i(A) Ui,(i,(X\A))

=C,i (ij ()N, iwi(X\CWj (4)
= ey ()) U X\Cy (e (A))
=X.

By 2.and 3., we have wBdr;;(A) N i,i(i,;(A)) =@ and wBdr;;(A) Nni,i(i,;(X\A)) = @. Now, we will show that
i,i(i,;(A)Nni,,;(X\A)) =0.Sincei,(i,(A) SAand i,i(i,;(X\A)) € X\A, we also have
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i,i(i,i(A)Ni, i(i,;(X\A)) = 0. Therefore X =i i(i,;(A)) UwBdr;;(A) Ui,i(i,;(X\A)) is a pairwise disjoint

union.

6. wBdr;j(A) U A = [c,i(c,i(A) Nnc,i(c,i(X\A)]U A

= [c,i(c,,i(A) U A] N [c,,i(c,,i(X\A)) U 4]
cwi(cy,i(A)) N [c,i(X\i,;(4)) U 4]
cyi(c,i(A)) N [X\i,i(Q,i(A)) U 4]
c,i(c,i(A)nXx

c,i(c,i(4).

Theorem 3.1.5. Let (X, w!,w?) be a bi-w space and A € X. Then

1. A'is bi-w-closed if and only if wBdr;;(A) € A .

2. A is bi-w-open if and only if wBdr;;(A) € X\A.
Proof. 1. (=) Assume that 4 is bi-w-closed. Thus c,i(c,,;(A)) = A, and so wBdr;;(4) N (X\A) = c,i(c,i(A)) N
c,i(c,i(X\A) N (X\A) = Anc,i(c,i(X\A)) N (X\A) = @. Therefore wBdr;;(A) E A.
(<) Assume that wBdr;;(A) € A. Thus wBdr;;(A) N (X\A) =@, and so c,: (ij(A)) Nnec, (ij(X\A)) n
(X\A) = @. Since X\A < c,i(c,i(X\A)), we have c,i(c,;(A)) N (X\A) = @. Then c,i(c,;j(A)) S A. Clearly,
A cc,i(c,i(4)). Consequently A = ci(c,i(A)). Hence A is bi-w-closed.
2. (=) Assume that A is bi-w-open. Thus i,,i(i,,;j(A)) = A, and sowBdr;;(A) N A = c,i(c,i(A) Nc,i(c,; X\
A))NA= €10, (A)) N (KNG (G () NA = c,i(c,,/(A)) N (AN NA=0.
Therefore wBdr;;(A) € X\A.
(<) Assume that wBdr;;(A) € X\A. Thus wBdr;;(A) N A = @, and so c,i (ij(A)) Nc, (cw,-(X\A)) NA=09.
Thenc,i(c,,i(A)) N (X\i,i(i,i(A))NA=9. Since A cc,i(c,i(A)), we have (X\i,i(i,i(4)))NA=0. Thus
Aci,i(i,i(A)).Clearly, i ,(i,i(A)) € A Hence A = i,i(i,;(4)). Consequently A is bi-w-open.
Corollary 3.1.6. Let (X, w!,w?) be a bi-w space and 4 be a subset of X. Then wBdr;;(A) = @ ifand only if A is bi-
w-closed and bi-w-open.
Proof. (=) Assume that wBdr;;(A) = @. Thus, we have wBdr;;(A) € A and wBdr;;(A) € X\A.
By Theorem 3.1.5, we have 4 is bi-w-closed and bi-w-open.
(&) Assume that A is bi-w-closed and bi-w-open. By Theorem 3.1.5, we have wBdr;;(4A) € A and wBdr;;(A) S
X\A. Therefore wBdr;;(A) € AN (X\A) = @. Hence wBdr;;(A) = .

3.2 Exterior sets in bi-weak structure spaces

Definition 3.2.1. Let (X,w',w?) be a bi-w space, A be a subset of X and x € X. We called x is a wiw/-exterior
point of A'if x € i,i(i,,;(X\A)). We denote the set of all w'w’-exterior points of A by wExt;;(A).

Remark From the previous definition, it is easy to verify that  wExt;;(4) = X\c,,i(c,,j(4)).
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Example 3.2.2. et X = {1,2,3}. Define weak structures w! and w? on X as follows: w! = {@, {1}, {2,3}} and w? =
{0,{1},{1,2}} . Hence wExt;;({2}) = X\cyi(c,2(2D) = {1} and  wExt,,({2) = X\cy2(c,n ({2)) = {1} .
Moreover, wExt,, ({@}) = X\c,1(c,,2({8})) = {1} and wExt,,({8}) = X\c,2(c,,:({B})) = {2,3}.
Lemma 3.2.3. Let (X,w!,w?) be a bi-w space and A € X. Then

1. wExt;;(A)NnA=0.

2. wExt;j(X) = 0.
Proof. 1. Since A € c,i(c,,i(4)), (X\c,i(c,i(A))NAcS (X\A)NnA =0 . FromwExt;;(A) = X\c,i(c,i(A)), we
have wExt;j(A) N A = @.
2. From 1. and wExt;;(X) € X we have wExt;;(X) = wExt;;(X) N X = .
Theorem 3.2.4. Let (X,w',w?) be a bi-w space and A,B be two subsets of X. If A € B, then wExt;;(B) €
wExt;;(A).
Proof. Assume that A € B. Thus c,,i(c,,j(4)) E c,i(c,,i(B)) and so X\c,i(c,i(B)) € X\c,i(c,i(4)).
Hence wExt;;(B) S wExt;;(A).
Theorem 3.2.5. Let (X, Wl,Wz) be a bi-w space and A be a subset of X. Then A is bi-w-closed if and only if
wExt;j(A) = X\A.
Proof. (=) Assume that A is bi-w-closed. Then A = c,i(c,,j(A)). Since wExt;;(A) = X\c,,i(c,,;(4)) = X\A.
Therefore wExt;;(A) = X\A.
(<) Assume that wExt;;(A) = X\A. Thus X\c,,i(c,,;(A)) = X\A. Consequently c,i(c,,i(A)) = A. Hence A is bi-
w-closed.
Corollary 3.2.6. Let (X,wl,wz) be a bi-w space and A be a subset of X. Then A is bi-w-open if and only if
wExt;;(X\A) = A.
Proof. It follows from Theorem 3.2.5.
Corollary 3.2.7. Let (X,w',w?) be a bi-w space and A € X. If A is bi-w-closed, then wExt;;(X\wExt;;(A)) =
wExt;;(A).
Proof. Assume that A is bi-w-closed. From Theorem 3.2.5, wExt;;(A) = X\A. Then A = X\wExt;;(A).
Hence wExt;;(X\WExt;;(A)) = wExt;;(A).
Theorem 3.2.8. Let (X, Wl,WZ) be a bi-w space and A, B be two subsets of X. Then;

1. wExt;;(A) UwExt;;(B) € wExt;;(ANB).

2. If A and B are bi-w-closed, then wExt;;(A) U wExt;j(B) = wExt;j(A N B)
Proof. 1. Since ANB S A and ANB S B, by Theorem 3.2.4, we have wExt;j(A) € wExt;;(ANB) and

wExt;j(B) € wExt;j(A N B). It follows that wExt;; (A) U wExt;;(B) € wExt;;(A N B).
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2. Assume that A and B are bi-w-closed. Then AN B is bi-w-closed. By Theorem 3.2.5, Thus wExt;;(A N B) =
X\(ANnB) = (X\A) U (X\B) = wExt;; (A) UwExt;;(B).

Remark In Theorem 3.2.8, 2. is not true if A and B are not bi-w-closed. We can be seen from the following example.
Example 3.2.9. LetX = {1,2,3}. Define weak structures w! and w? on X as follows: w! = {@,{1},{2,3}} and w? =
{0,{2},{1,3}}. Hence wExt,;,({1} n{2}) = X, and wExt;,({1}) = X\c,1(c,,2({1})) = @ and wExt,,({2}) =
X\cy1(c,2({2})) = {1}. Therefore wExt,,({1}) U wExt;,({2}) # wExty, ({1} n {2}).

3.3 Dense sets in bi-weak structure spaces

Definition 3.3.1. Let (X,Wl,Wz) be a bi-w space. A subset A of X is called a wiw/ -dense set in X if X =
c,i(c,i(A)).
Example 3.3.2. Let X = {1,2,3}. Define weak structures w! and w? on X as follows: w! = {@,{1,2},{1,3},{2,3}}
and w? = {@,{1},{3},{2,3}}. Then c,1(c,2({3})) = X and ¢,z (c,,1({3})) = {2,3}. Hence {3} is a w'w?-dense
setin X and {3} is nota w?w!-dense set in X.
Theorem 3.3.3. Let (X, wl, W2) be a bi-w space and A be a subsetof X. If A isa wiwl-dense set in X, then for any
nonempty bi-w-closed subset F of X suchthat A € F, we have F = X .
Proof. Suppose that 4 is a wiw/-dense set in X and F is a bi-w-closed subset of X such that A € F. Since A is a
wiw/ -dense set in X, X =c,i(c,j(A)). By assumption, F is bi-w-closed and A € F, it follows that X =
c,i(c,i(A) cc,i(c,j(F)) =F .Hence F = X.
Remark By Theorem 3.3.3, if A is a w'w/-dense set in X, then only X is bi-w-closed setin X containing A. Moreover,
itis not true if F is not bi-w-closed. We can be seen from the following example.
Example 3.3.4. Let X = {1,2,3}. Define weak structures w! and w? on X as follows: w! = {@,{1},{1,3}} and w? =
{0,{1},{2},{1,3}}. Then c,1(c,2({1})) = X. Hence {1} is a wlw?-dense set in X, but {1} is not a w'w?-closed
setin X.
Theorem 3.3.5. Let (X, w',w?) be a bi-w space and A be a subset of X. The following are equivalent.

1. If F is a nonempty bi-w-closed subset of X such that A € F, then F = X.

2. G N A # @ for any nonempty bi-w-open subset G of X.
Proof. (1. = 2.) Assume that if F is a nonempty bi-w-closed subset of X such that A € F, then F = X.
Suppose that G N A = @ for some nonempty bi-w-open subset G of X. Thus A € X\G. Since G is bi-w-open, X\G
is bi-w-closed. By assumption, we have X\G = X. Therefore G = @, this is contradiction. Hence G N A # @ for any
nonempty bi-w-open subset G of X.
(2. = 1.) Assume that 2. holds, and F is a nonempty bi-w-closed subset of X such that A € F. Suppose that F #
X. Thus X\F is a nonempty bi-w-open subset of X. By assumption, we have (X\F) N A # @. This is contradiction

with A € F. Therefore F = X.
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Corollary 3.3.6. Let (X,w',w?) be a bi-w space and A € X. If A is a wiw/-dense setin X, then G N A # @ for any
nonempty bi-w-open subset G of X.

Proof. It follows from Theorem 3.3.3 and Theorem 3.3.5.

Theorem 3.3.7. Let (X,w',w?) be a bi-w space and A be a subset of X. Then i,i(i,,; (X\A)) = @ if and only if A
is a w'w/-dense setin X.

Proof. (=) Assume that i,i(i,,j(X\A)) = @. Thus X\c,,i(c,,i(A)) = @, it follows that c,i(c,,;(A)) = X. Therefore
Ais awiw/-dense setin X.

(&) Suppose that A is a w'w/ -dense set in X. Then we have c,i(c,,;(4)) =X, and so i,i(i,;(X\A4)) =
X\c,i(c,i(A) = 0.

Theorem 3.3.8. Let (X,wl,wz) be a bi-w space and A be a subset of X. Then A is a wiw/-dense set in X if and
only if wExt;;(A) = @.

Proof. (=) Suppose that 4 is a w'w/-dense set in X. Then wExt;;(A) = X\c,,i(c,,i(A)) = X\X = 0.

(<) Assume that wExt;;(A) = @. Then X\c,,i(c,,i(A)) = @. It follows that c,i(c,j(A)) = X. Therefore A is a

wiw’-dense set in X.

Discussion

In 2011 and 2012, the notions and properties of boundary sets, exterior sets and dense sets in bi-minimal
structure spaces are studied Sompong. In 2017, Puiwong et al. studied bi-weak structure spaces. It is obvious that
a bi-minimal structure space is a bi-weak structure space. We investigated the above concepts into bi-weak
structure spaces. The similar properties in bi-minimal structure spaces are obtained in bi-weak structure spaces
except the property of exterior of empty set, that is, the exterior of empty set is not empty set in bi-weak structure

spaces.

Conclusions

In this paper, we introduced and studied boundary sets, exterior sets and dense sets in a bi-weak structure
space. We obtained some of their properties. In particular, we gave some characterizations of closed sets in a bi-
weak structure space. That is, A is bi-w-closed if and only if wBdr;;(A) € A. And A is bi-w-closed if and only if
wExt;;(A) = X\A. Moreover, we also obtained a characterization of dense sets, i.e., Ais a wiw/-dense setin X

if and only if wExt;j(A) = @.
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