AIANTIMENANERTYINT TN 25 (1TUT 3) Tueneu — FuanAN WA, 2563

BURAPHA SCIENCE JOURNAL Volume 25 (No.3) September — December 2020 UNAINNIAE

wmtnlnfAcedanaldiisunuganas

Regular Generalized Closed Sets with Respect To an Ideal
WIMNATH AN’ WAZ WUSANT ALRANA’
Promlikhit Jitjar“ and Phuntipa Konchalard®

"nquarsznsFeuiadinaans trFeuuasnuNIne AN
a3 adiaaans AnzagAanT unaneaeaiedn
7l\/la)thematics, Nakhon Phanom Witthayakhom School
2De,oartmem‘ of Mathematics, Faculty of Education, Roi Et Ratchaphat University
Received : 21 Novermber 2019
Revised : 21 January 2020

Accepted : 14 April 2020
L 1
unAmea

Tuumanni uustuasAnsuuedn e x -UadnFonaisialumeuiugeuaiuazims 4 -Tens

narievinllmeuiuganaRuaAnsantRunglsznng

AdAny : Bninanalatiansiiialleaued ; welln 1y -rg ; @adle | g -rg

Abstract

In this paper, we introduce and study the notions of u -regular generalized closed sets with respect

to an ideal and u -regular generalized closed sets with respect to an ideal and study their properties.
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Introduction

The notions of ideal in topological spaces have been studied by Kuratowski (1933). In 2002, Csaszar
studied generalized topological spaces. Such generalized topological spaces in the sense of Csaszar (2005)
are a generalization of topological spaces (briefly GTS), that consist of X and structure x# on X (briefly GT)
suchthat x4 is closed under arbitrary unions. Then ( X, ) is called a generalized topological space. He also
introduced closure (cﬂ ) and interior (i# ) in generalized topological spaces. Later the concepts of g-closed
sets in topological spaces were extended to generalized topological spaces ( X ,y) by Roy (2011). Jitjagr et
al., (2015) introduced the concepts of u -regular generalized closed sets (briefly xrg -closed sets) and
4 -regular generalized open sets (briefly rg -open sets) in generalized topological spaces. In 2016, Modak
introduced the notions of the ideal generalized topological spaces and to investigate the relationships between
generalized topological spaces and ideal generalized topological spaces. He obtained some properties of
generalized topological space and ideal generalized topological space.

In this paper, we introduce the notions of a u -regular generalized closed sets with respect to an ideal
and u -regular generalized open sets with respect to an ideal. Moreover, some properties of such sets are

obtained.

Preliminaries

In this paper, we begin by recalling the notion of generalized topology (briefly, GT) Cséaszar (2002), u
on a non-empty set X is a collection of subset of X such that & € x4 and an arbitrary union of elements of
u belongsto u . Aset X witha GT x is called a generalized topological space (briefly, GTS). A subset A
of X is called u -open if A e u . The complement of a x4 -open set is called u -closed set. For a GTS
(X,u) and A< X thenthe u -closure of A Csaszar (2005), ¢, (A) is the intersection of all x -closed
sets containing A and the u -interior of A, i, (A), is the of all 4 -open sets contained in A. A GTS
(X, 1) is called quasi-topological space (briefly, QTS) Csaszar (2008), and we call x a quasi-topology (briefly,
QT), if any finite intersection of elements of x4 belongs to x . If (X ,,u) is QTS and A,B < X , then
c, (AuB)= c, (A)u c, (B)and i, (AuB)= i, (A)u i, (B) Jamunarani and Jeyanthi (2012).

The ideals 1 on non-empty set X is a non-empty collection of subsets of X which satisfy the
following properties : (i) Ae land B < A imply Be I and (ii) Ael andBe | imply AUBel.
An ideal generalized topological space ( X , u) with anideal I on X is denoted by ( X, z, 1) Modak
(2016).
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The following is useful in the sequel.

Theorem 1 [Csaszar (2002)]. Let (X ,,u) be a generalized topological space and A < X . Then
(i) c,(A)=X—-i (X -A),

(i) iﬂ(A): X —CF(X -A).

Lemma 2 [Navaneethakrishnan and Sivaraj (2010)]. Let A be a subset of a generalized topological space
(X,u).Then A is

(i) w -regular openifand only if A =1, (cﬂ (A)) ,

(ii) u -regular open ifand only if A = i, (B) for some u -closed set B ,

(iii) u -regular closed if and only if A = c, (B) forsome u -openset B .

Theorem 3 [Navaneethakrishnan and Sivaraj (2010)]. Let ( X, z) be a generalized topological space. Then the
following are equivalent:
(i) Every u -regular open setof X is u -closed.

(ii) Every subsetof X is u -rg -closed.

Definition 4 [Sarsak (2012)]. Let A be a subset of a generalized topological space ( X, u) . Then A is called
(i) u -regular closed ifand only if A =c, (i# (A)) ,

(ii) u -regular openifand only if X — A is u -regular closed.

Definition 5 [Jitjiagr et al., (2015)]. Let ( X, u) be a generalized topological space and A = X .Then A is
called a u -regular generalized closed (briefly, urg -closed) set if and only if c, (A) < U whenever

AcU andU isa ur-opensetin (X, u).

Methods
The research procedure consists of the following step:
1 Criticism and the possible extension of the literature review.
2 Researching to investigate the results.

3 Applying the results from 1 and 2 to the results.
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Results

In this section, we introduce u -regular generalized closed set with respect to an ideal and

investigate some of their properties.

M -regular generalized closed sets with respect to an ideal
Definition 6 Let ( X, , 1) be an ideal generalized topological space.
A subset A of X issaidtobea u -regular generalized closed set with respect to |

(briefly 1 u -rg -closed set) if c, (A)-U e | whenever Ac U andU is u -regular open.

Remark 7 For an ideal generalized topological space, every urg -closed setis | 4 -rg -closed, but the

converse need not be true, as this may be seen from the following example.

Example 8 Let X ={a,b,c} with a generalized topology x = {&,{a},{b},{a,b}}and

| = {@ b}, {c}.{b, c}} .Then (X, u, 1) isanideal generalized topological space. Moreover,
{@,{a},{b},{a,b}} is the set of all u -regular open setsin X . Take A ={a,b} .ThenA is

I 4 -rg -closed because {a,b} is the only u -regular open containing A and

c, (A)-{a,b} =X —{a,b} ={c} el .But A isnot u -rg -closed because c, (A)= X « {a,b}

and {a,b} is u -regular open.

Theorem 9 Let (X T ) be an ideal generalized topological space and let A,B < X .If A is

| u-rg-closedand Ac Bcec, (A).then B is | 4 -rg -closed.

Proof. Assume that A is | ¢ -rg -closedand A < B < c, (A) .Let U be a g -regular open such that
BcU .Then Ac U .SinceA isa |l u -rg -closed set, we havec (A)-U el .Now B c c, (A).

This implies that ¢ , (B)-U c c, (A)-U el .HenceB is | u -rg -closed.

Definition 10 A generalized topological space (X ,,u) is called u -locally indiscrete if every u -closed set is
M -regular closed.

Example 11 Let X = {a,b,c} with a generalized topology u = {&,{a},{b},{a,b}}.Then
X,{b,c},{a,c},{c} are u -closed sets. Moreover, X ,{b,c},{a,c},{c} are u -regular closed. Hence

(X ,,u) is u -locally indiscrete.

Theorem 12 Let ( X, u, 1) be an ideal generalized topological space where ( X, ) is
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wu -locally indiscrete. Then a subset A of X is | u -rg -closed ifand onlyif F < ¢, (A)-—A and F is
4 -regular closed in X implies F € I .

Proof. Assume that A is | u -rg -closed. Let F is u -regular closed setsuch that F ¢, (A)- A.Then
A c X —F where X — F s u -regular open. By assumption, ¢, (A)-(X -F)el.ButF c c, (A),
F =c#(A)m F =c#(A)—(X - F),andhence F eI .

Conversely, assume that F < c, (A)— A and F is u -regular closed in X implies that
F e | . Suppose that A< U and U is u -regular open. Since c, (A) and X —U are u -closed,
c, (A)-U = c, (A)n (X —U ) is u -closed. Since ( X, i) is u -locally indiscrete,

c, (A)n (X -U) isa u -regular closed setin X , thatis contained in c, (A)—- A . By assumption,

c, (A)-U e I .Thisimplies that A is | x4 -rg -closed.

In general, the union of two | u -rg -closed set need notbe a | 4 -rg -closed set as seen from

the next example.

Example 13 Consider the generalized topological space (X ,u) where X = {a,b,c,d} with a
generalized topology u = {@,{a} {b},{c},{a,b}, {a,c},{b,c},{a,b,c}, {a,c,d}, {b,c,d}, X }
and | = {@ b}, {c} ,{bc}} -Then (X, u, 1) isanideal generalized topological space. Moreover,
{@.{a}.{b},{c}.{a,b},{a,c,d}, {b,c,d}, X} isthesetofall u -regularopensetsin X .Then
{a},{b},{a,c,d},{b,c,d}and X are | x4 -rg -closed but their union {a} U {b} = {a,b} is not

I 1 -rg -closed.

Theorem 14 Let (X 7 ) be an ideal generalized topological space where p is a quasi-topology and let
A,Bc X .If A and B are | 4 -rg -closed sets, then their union A u B isalso | x4 -rg -closed.

Proof. Suppose that A andB are | 4 -rg -closed sets. If Au B < U andU is u -regular open, then
AcU and B<U .Since A andB are I u -rg -closed, ¢, (A)-U el andc, (B)-U eI .Hence
(c,(A)-U)u(c,(B)-U)el .Since u isa quasi-topology, c,(AuB)=c,(A)uc, (B),and

hence ¢, (AUB)-U =(c, (A)-U )u(c#(B)—U )e | . Therefore, AU B is | u -rg -closed.

Theorem 15 Let ( X, u, 1) be an ideal generalized topological space where every u -regular open set is

1 -closed. Then every subset of X is | 4 -rg -closed.
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Proof. Let A be asubsetof X and U be u -regularopenin X ,suchthat A = U . Since every
w -regular open setis u -closed, c, (U)=U .Thus c, (A)c c, (U)=U .Hence c, (A)-U =g e

. Therefore, A is | 4 -rg -closed.
M -regular generalized open sets with respect to an ideal

In this section, we introduce and study u -regular generalized open sets with respect to an Ideal

and investigate some of their properties.

Definition 16 Let (X 7 ) be an ideal generalized topological space. A subset A of X issaidto bea

4 -regular generalized open set with respect to | (briefly | u -rg -openset)if X — A is | -rg -closed.

Theorem 17 Let (X | ) be an ideal generalized topological space. A subset A of X is | x -rg -open
ifandonlyif F ~U ci, (A), forsomeU e | ,whenever F isa u -regular closed setsuch that F < A .
Proof. Suppose that A is | ¢ -rg -open. Let F <« A and F is u -regular closed. We have

X —-—Ac X —-F and X — F is u -regularopen. Since X — A is | u -rg -closed,
c,(X-A)-(X-F)el.SetU =c (X -A)-(X-F).ThenU eI and

¢, (X =A)c (X -F)uuU .Thisimplies X - ((X —F)uU)c X —¢c, (X - A).Since
X-((X-F)uU)=F-U and X —¢c, (X -A)=i (A),F-Uci, (A).

Conversely, assume that F < A and F is u -regular closed setimply F —U < i# (A),
forsome U € | .Let G bea u -regular open set, suchthat X — A < G . Thisimplies X — G is u -regular
closedand X —G < A . Byassumption, (X -G )-U < i”(A) forsome U € | . Thus
X-(GuU)c X -c, (X -A).Thenc, (X —A)c GuU .This show that
cﬂ(X -A)-G c(GuU)-G cU eI .Therefore, we have X — A is | u -rg -closed. Hence A is

I 1 -rg -open.

Recall that the sets A and B are said to be u -separated if c, (A)nB =g and

Cy(B)mA:@

Theorem 18 Let ( X, 1, 1) be an ideal generalized topological space where ( X, ) is
1 -locally indiscrete and u is quasi-topology. If A, B are u -separated and | 4 -rg -open sets, then
AU B is | u-rg-open.

Proof. Assume that A and B are u -separated and | 4 -rg -open sets, and let F be
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wu -regular closed such that F = Aw B . Since F nc, (A) and F n ¢, (B) are y -closed and

(X, u) is u -locally indiscrete, F n c, (A)and F n c, (B) are u -regular closed. Since A and B is

,u—separated,chﬂ(A)cA andch”(B)cB.ByTheorem17,(ch“(A))—Ulciy(A)

and(chﬂ(B))—Uzciy(B)forsomeUl,UzeI.Thisimplies(Fmcﬂ(A))—iy(A)culand

(Frnec,(B))-i,(B)cU,.Then (F nc, (A))-i,(A)el and (Fnc, (B))-i, (B)el.
(B))-i,(B)

Hence((Fmcy(A))—iy(A))u((ch” B )el,andso

(F n(c, (A)u cﬂ(B))—(i”(A)ui”(B)))e | .Since F <« AUB,Fcc, (F)nc, (AUB)

=Fcc,(AuB),andso Fc Fnc, (AUB).

Thus F-(i,(AuB))c Fnec, (AuB)-(i,(AuB))
cFnfc,(A)uc,(B))-(i,(A)vi, (B)).

SetU = F m(cﬂ(A)u cy(B))—(i”(A)uiH(B)).ThenU e | ,and hence F —(i (AU B))cU .

o

So F-U c(iy(Au B)),forsomeu e | .By Theorem 17, AU B is | u -rg -open.

Corollary 19 Let ( X, u, | ) be an ideal generalized topological space where ( X, ) is

1 -locally indiscrete and u is quasi-topology. Let A, B be | 4 -rg -closed sets such that X — A and

X — B are u -separatedin (X, u).Then An B is | u -rg -closed.

Proof. Let A andB be | u -rg -closed set such that X — A and X — B are u -separatedin (X, u) .
By Theorem 18, (X — A)u (X —B) is I u -rg -open. Then X — (AN B) is | u -rg -open, implies that

AN B is | 4 -rg -closed.

Corollary 20 Let ( X, u, 1) be an ideal generalized topological space where x is a quasi-topology and let
ABc X .If A and B are | u -rg -opensetsin (X, u),then An B is |z -rg -open.

Proof. Assume that A and B are | g -rg -open. Then X — A and X — B is | 4 -rg -closed. By Theorem
14, (X = A)u (X =B) is I x -rg -closed. But (X = A)u (X —=B)= X —(An B), we obtain that

X —(AnB) is I u-rg -closed, which implies AN B is | u -rg -open.

Theorem 21 Let (X i ) be an ideal generalized topological space and let A be an | 4 -rg -open set.
If iﬂ(A)c Bc A,then B is l 4 -rg-openinX .

Proof. Suppose that B is a subset of X such that iﬂ (A)c Bc A.Since A is | u -rg -open,
X-Ac X -B cc”(X —A) and X — A is | 4 -rg -closed. By Theorem 9, X — B is

I 4 -rg -closed, and hence B is | u -rg -open.

I —
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Theorem 22 Let ( X, i, 1) be an ideal generalized topological space, where ( X, ) is
w -locally indiscrete. A subset A of X is | 4 -rg -closedifand onlyif ¢, (A)-A'is
I 1 -rg -open.
Proof. Assume that A is | u -rg -closed. Let F be u -regular closed suchthat F < ¢, (A)- A .By
Theorem 12, F e | .SetU =F .ThenU €l and F -U =@ .Clearly, F —U < iy(c#(A)— A).By
Theorem 17, ¢, (A)— A is I u -rg -open.

Conversely, assume that c, (A) — A is lu -rg -open. Let G be u -regular open and
Ac G .Then X -G < X - A andsoc, (A)n(X -G)cc, (A)n (X - A).Since
cﬂ(A)m(X -A)= cﬂ(A)— A , we obtain that c”(A)m(X -G)c cﬂ(A)— A .Since (X, u) is
u -locally indiscrete, ¢, (A)n (X —=G) is u -regular closed. Since c, (A)— A is | u -rg -open, by
Theorem 17, (¢, (A)n (X =G ))-U < i, (c, (A)- A) forsome U € | .Since A= G suchthat G is
4 -regular open. Then A is u -regular open. By Theorem 3, A is u -closed, and hence X — A is
u -open. Then ¢, (A) = A .This shows that c, (A)n (X -A)= c, (A)- A= .Then
i,(c,(A)-A)=2,(c,(A)n(X -G))-U c@ .Thusc, (A)n (X =G)cU eI .Therefore, by

Definition 6, A is | 4 -rg -closed.

Discussion

This study introduces the concept of treasure generalized topological space (X ,,u) with an ideal
I on X .By which satisfy the following properties : (i) A< | and B < A imply B e I and (ii) Ael
and B € | imply Au B e | . Anideal generalized topological space (X ,,u) with anideal I on X is
denoted by ( X, i, 1) . Thus every u -rg -closed setin (X, ) is | 4 -rg -closed, but the converse need
not be true. Then a generalized topological space ( X ,,u) is called u -locally indiscrete if and only if every
1 -closed setis u -regular closed. Hence Then a subset A of X is | 4 -rg -closed if and only if
Fcec, (A) — A and F is u -regularclosed in X implies F € | and in general, the union of two | x -
rg -closed set need notbe a | 4 -rg -closed set. But x4 is a quasi-topology then their union A u B is also
I 14 -rg -closed. Conversely, a subset A of X issaidtobe a u -regular generalized open set with respect

to | (briefly I x4 -rg -open set) ifand only if X — A is | 4 -rg -closed.

Conclusions
In this paper, we introduced the concept on a u -regular generalized closed set with respect to an

ideal (briefly 1 u -rg -closed set) We have found the properties u -locally indiscrete and u -separated in a
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generalized topological space. We also studied | ¢ -rg -open sets in an ideal generalized topological space
where generalized topological space is ¢ -locally indiscrete and quasi-topology.

Even though | have found several properties as presented in this paper, there are several questions
yet to be answered and it may be worth investigating in future studies. | formulate the questions as follows:

1. Are there other properties of the ideal generalized topological space where generalized
topological space is u -locally indiscrete and quasi-topology?

2. Are there other properties of the separation axioms using the u -regular generalized closed sets

with respect to an ideal?
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